ON THE STABILITY OF A FREE RIGID BODY WITH
A CAVITY FILLED WITH AN INCOMPRESSIBLE
VISCOUS FLUID

(0B USTOICHIVOSTI SYOBODNOGO TVERDOGO TELA S POLOST IU,
ZAPOLNENNOI NESZHINAENOI VIAZKOI ZRIDKOST' IU)

PMM Vol.26, No.4, 1962, pp. 606-612

N.N. KOLESNIKOV
{Moscow)

k3 . L o4 a8 00)
necevea marcn [f1i, 13047

In the literature on questions connected with the motion of free
mechanical systems in a central force field, for instance in [1], the
problem of passive stabilization of such systems is formulated, as well
as that of damping of small external disturbances, a viscous fluid being
used as the damper.

Here we consider the problem of the behavior of such a system, the
stability of its motion with regard to some known parameters, in the
case when it possesses a cavity filled with a viscous incompressible
fluid.

Sufficient stability conditions of circular motion of the mass center
of the system and the conditions of equilibrium with a system of cavity
filled with incompressible viscous fluid are obtained in the paper. The
form and the method of solution of the stability of motion of rigid
bodies with a liquid inclusion suggested by Rumiantsev [2] are used.

For a system which consists of a single rigid body, the sufficient
conditions of stability were found by Beletskii [3].

1. We consider the problem of motion of a free, mechanical system
which consists of a rigid body with a cavity, filled completely with a
viscous, incompressible fluid, placed in a Newtonian central field of
force.

Let O be the fixed attracting center with which we associate a fixed
system of coordinates §, n, C.

The rigid body and the fluid which fills the cavity is considered as
a single mechanical system whose kinetic energy is the sum of the kinetic

914



On the stability of a free rigid body 915

energies of the rigid body and the fluid T =T, +T,, while the moment
of momentum is the geometrical sum of the moments of momentum of the
rigid body and the fluid K =K; +K,. Subscript 1 always refers to
quantities concerning the rigid body and the subscript 2 to quantities
regarding the fluid.

Let G be the mass center of the system and R the radius vector from
0 to G.

The rigid body without the fluid has mass M;, the mass of the fluid
is M,, its density is p and the coefficient of viscosity p*. The mass of
the system is equal ¥ = M, +¥,.

Let the origin of the moving system of coordinates x, ¥, z be in G,
and let the direction of the axes be along the principal axes of the
central ellipsoid of inertia of the system considered, the axes of the
latter being the principal axes of inertia for both the rigid body and
the fluid. Thus, if A, B, C are the principal moments of inertia of the
system, then

4 = 4;+ 4,, B = By - B, C=C+Cy

Let the projection of the instantaneous angular velocity of the
system with respect to the center of mass on the moving axes be p, g, r.

Let us note further, that, as is usual, the orientation of the system
of coordinate axes x, y, z with respect to axes £, n, [, is given by &
system of direction cosines «;, P, v; (i =1, 2, 3), and with respect
to the radius vector R by the system of direction cosines 8, B’, p"

The moment of momentum with respect to the fixed center is equal to
Ks=RxMV+K ([R=P4+2+BV=E4+10+0

where K = K, + K, is the moment of momentum of the system evaluated with
respect to G, in its motion with respect to the Koenig system of coordi-
nates. The projections on the moving axes are

Ky = Ayp, Ky = Byg, Ky, = Cyr

If u, v, v designate the projection of the moving axes of the rela-
tive velocity of the fluid as it moves with respect to the rigid body,
then

Ko = p\ (Ve — Vi) dv, Kn=p((emaV)dv, Ku=p{(@,—p¥ar
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where

Vei=1u+ gz —ry, Vy = v+ rz— pz, :=w+py — qz
and the integration is carried out over the total volume of the fluid T.

Introducing the notations g, 8y &, for the projection on the moving
axes x, y, z of the angular momentum vector of the relative motion of the
fluid (with respect to the shell) we may finally write

Kye=Ap + 8, Ky=By+g, Ku=Cr+g

gx=pg(yw—zv)d1:, g,,=p&(zu-~xw)dt, g,ng(xv——yu)dt

* T T

The force function of the forces acting on the system, is determined
by the integral (u is the gravitational constant)

U= (52 Gt =R AR+ )+ 4 Y
Let us consider the problem in a limited form, in the sense that in-
stead of considering the indicated force function U we will consider an
approximate expression obtained by expanding U in a series of powers
x/R, y/R, z/R, neglecting all terms higher than of the second order,
which is justified by the fact that for real systems their characteristic
dimension ! is much smaller than R, namely of the order I/R = 107™* — 1078,

Thus, we have [3]

U=t 3B gy apropm+ 5 A AEEEC

Now we can write the equations of motion of the system considered

- BU - U e oU
My=%, M=%, Mi=% (1.2)
d %8x
A _ﬁ_ +(C—B)gr+ = + qg; —rgy = M. (xyz, ABC, pgr) (1.3)

%(Vx+u+qz—ry) +qVy+wtpy—qz)—rVy+v+rz—pz)=
——i': v Au (xyz, uvw, pgr) .(‘V=;£) (1.4)

Here the symbols (xyz, ABC, pqr) and (xyz, uvw, pqr) indicate that
two other equations are obtained by simultaneous circular permutation of
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the indicated letters, and dots above the variables indicate differ-
entiation with respect to time. Equations (1.2) to (1.4) must be supple-
mented by the equation of incompressibility

ou ov dw

% Ty ta=0 (1.5)
and the conditions on the walls S of the cavity

u=v=w=20 (1.6)

The equations of motion are completed by the well known kinematic
equations of Poisson for the direction cosines. The notations in (1.2)
and (1.3) are the usual ones: P is the hydrodynamic pressure, v, v,, v,
are the projections of the velocity of G on the moving axes; F, Fy, F,
are the projections on the moving axes of the Newtonian force, and

M M, are the projections of the gravitational moments which in the
approxlmatlon selected are of the form

M. =3Lt(C—B)p® (4BC, B B 8")

We note that the equations of motion of the problem considered admit
an integral K, = const and several trivial integrals among which we in-
dicate only two

B* B 4 B =1, T Tt =1 (.7

where y,, v,, v; are the direction cosines of the {-axis with respect to
the axes of the moving system.

Selecting the [-axis as being orthogonal to the orbital plane, we may
write the area integral in the following form:

M (En — nE) + (Ap + &) 71 + (Bg + 84) 75 + (Cr + ¢.) 75 = const (1.8)

. wu Let us formulate several relations. Multiplying Equations (1.2) by
£, 1, Q respectively, Equations (1.3) by p, ¢, r and adding the results,
and multiplying (1.4) by u, v, w; then adding and integrating the last
expression obtained over the whole fluid volume, adding all the results
and taking into consideration conditions (1.5) and (1.6) we obtain

a5 -8 - e

Here
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2T = M@s + {]2 + tz) + Ap® + Byg® + Cyr* + Ayp* ++ Byg® + Cyr® +
+ pg(uz-}—v2+w’)dr+2p8[u(qz——ry)+ »(rz — pz) + w (py — 7)) dv

It follows from this

T-ULT,—U, (T0=T§t=0Uo=Ul£=o)

The quality sign will be valid if the system moves as one single
rigid body, or if the fluid is an ideal one (u* = 0). Using transforma-
tions [2)

Wy = K?ﬁ / Az, By = Kgy /Bz, Wy = ng / C2 (2.3)

The new unknown functions . (t) are determined if V , V V are
known. Let us introduce further unknowns

Vlr = Vx + U)sy —_ wsz, Vz = Vv + wyZ — (!)33:, V3 == V; + ng_mly (2.4)

By definition of w,(t)

pS{st—— V) dr = pS (V) — V) dv =p S(sz — V) dr =0

T T

Obviously, V V V will be determined if w, (t) and V. (t, x, ¥, z)
(i=1, 2, 3) areknown

Now a part of the kinetic energy of the system, associated with the
motion of the fluid with respect to the mass center of the whole system,
is reduced to the convenient form

K 2 K 2
2Ty =—E + 2 4 “+p§<vl2+vaz+ve)dr (2.5)

If the spherical coordinates of the mass center are introduced
E=Rcospcosp, 1 = RcosVsing, ¢ = Rsiny

then the first integrals of the equation of motion of the system may be
written finally in the form

M (R? + R®? + R®cos?yg?) + A;p? + Byg® + Cyr* +
Kox | Ku Ky
+ 4+ 5 “+ +pg(V2+V2+V3)dT-—2U . oonst
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MR? cos® Yo+ (4,p+Ky) 11+ (Byg + Kp) 12 + (Cyr + Ky,) 45 = const
B+ B2 +p2=1, " +rt =1

3. The equations of motion of the system considered admit the
particular solution

p=¢g=0, r=0 u=v=w=0
B — B" = O, B' = 1., sz = sz == 0, K2Z —_— Cz(ﬁ) (3'1)
T1=7=0 1s=1, R =R, R=0s Y =0, {l’:o’ C}3=w

This particular solution corresponds to the motion of the system on a
circular orbit R = Ry with constant angular velocity , such that the
principal central axes of the system are along the tangent, the radius
vector and the binormal of the undisturbed orbit. The fluid is hereby at
rest with the body, i.e. the system moves as a single rigid body.

Let us investigate the stability of the undisturbed motion of the
system with respect to the variables

P4 B B" B Tu Ta T Ko, Koy Koy R, R, v, ‘f’r @(32)

Using the same notations for quantities which in the undisturbed
motion have trivial values, we set for the disturbed motion

7'20)'1"‘371, B’zi“}"xs, Ta—i‘*‘xz’ K —Csw“i—x‘
R=Ro+$‘, R«-—-:L“, ‘P—'w"{"xe

In the undisturbed motion we had also the formula
(!)1=(02==O, Wy = O, V1=V3=V3=0

The equations of perturbed motion of the problem considered admit the
first integrals

W, = Mz + MRM® + MRz + (sz Z“M 18}"3

_6p(A44 B +C))
R

— MRPo™? + A,p* + Byg* + Cyzd? +
K, K} : . 34 3uC .,
LESa N 8 s I
3

B
+ “ 5 Ty + 4MRy 0z, T, — 12':? gz + pS(V12 +V,2 V) dv +
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2uM  9uB | 3u (A4 B4C
pM B ( ;04+)>x5+

+ 2MR0gy + (2MR* + e —

+ 20,02, + 201, + ‘%‘fg 25 + O (3) < const (3.3)

W, = Moz* — MRlwy® + 2MRyz,zy + Aypyy + Koxyy +
+ Byqv, + Kuve + %425 + C124%y + MRjzq +

+ 2M R0z, + Cy2y + 2, + Cow,+0 (3) = const (3.4)
Wy = p* + B2 + z4* 4 2x3 = const (3.9)
W, =71+ 1% + 2,2 + 2z, = const (3.6)

By O (3) we indicate terms not lower than of third order of magnitude
with respect to the perturbation.

For the disturbed motion dW,/dt < 0 is valid (2.1).

Let us consider a function of the variables of the problem, con-
structed by the method of Chetaev [4] in the form of a relation of the
first integrals of the equation of motion

W=W,—2uW,— %,*}o—f W+ CotW, + W2 4+ AW + 8W,2 = (3.7)
= M2 + MRH? + MRa™? + 75 (A —B) B + 25(C — B) g +
+ Ay — 204,71, + CoPr — 201K + - Kb+ Byg® —
— 20B1g1s + CoMg — 207:Kay + - Kol + bhagt 4

+ (2;:’{ — S50*M + 46M’Rozw2) 2 + (MR + oM*R¢') ¢t +

+ (Ca® + 0C%0? + 48) .2 + (C, + oCF) 22 + (CL +o)zd

— 1—%—:‘5 L,%g + 4OMARSwxxs + 4OMR Colzx, +

+ 40'MROCI(!)$‘$1 + 40M.R0(Dx‘x4 + 20MR020(.0.'2791;6 +
4+ 20MR2C 2,24 + 26MR 22,24 + (— 20C; + 206CC,0) 7,2, +
+ (— 20 + 20Cw) 7,2, + 20C, 2,2, + p S (VE+VE+VHdr+0(3

T

Here o, A and § are constant quantities. The angular velocity of-the
motion of the mass center of the system is determined by the relation
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B B 3 p(d4+B+0 (3.8)

0)2 IU e e ——
Rt 2M Ry 2 MR®

By Sylvester’s criterion, for the function W to be positive-definite
the following conditions are necessary and sufficient:

A>B, C>B; C>4,, C>A+ A4y C>B, C>B+By, (3.9)

and further, the diagonal minors must be positive for

sl (s = 2g) (,i=1,...,6) (3.10)
hy, = g’—é{?—-- S50*M + 40 MPR2w®,  hyy = — %? . hig=20M?Rje

b= 20MRLCo?,  hy = 20MRCr0,  hyy = 20MRyo

by = by hyy = gy = hyy = hgg = 0

hes = MR® + OMRS,  hgy = OMRJCo,  hy = oMRC,

heg = OMRS,  hey = Co? + 0C%® + 48, kg = — wCy 4 0CCyo0

h4° T e (3} + GC(D, h55 = C1 + O'C12, k5e = O'CI, kgs = —é—g + 6

A suitable selection of the constants o, A and 3 may insure the
positiveness of these minors, whereby the inequalities obtained are not
essential and limit only the selection of the constants indicated. The
inequalities (3.9), however, give jointly

C>A>B (3.11)

Thus, if C> A > B, then o, A and & may be selected such that the
quadratic integral W will be positive-definite with respect to the vari-
ables

* - - .
P, 3:1, B’ ‘3* xs» Tl: Tz: 3321 szv szy Kzzs iL“, xsa 225, \P: W, .xg

This will be Liapunov’'s function for the problem. Indeed, dW/dt, taken
in place of the equation of disturbed motion, will not be positive as
follows from Equation (2.1). And this, in accordance with Liapunov’'s
stability theorem, allows us to estimate the stability of the indicated
undisturbed motion (3.1) of the rigid body with a cavity, filled with a
viscous, incompressible fluid.

The sufficient stability conditions obtained coincide in their form



922 N.N. Kolesnikov

with the sufficient conditions of the stability of the system consisting
of a single rigid body [3], but in the case considered

Ci+C;>4,4+ A4, >B,+ B,

If for a single rigid body, which which, for instance, A; > C, > B,
condition of the type (3.1) is not satisfied, then it is easily seen that
for a rigid body with a cavity, filled with a fluid, selecting the cavity,
such that C, > 4, > B,, the satisfaction of conditions (3.10) may be
achieved, conserving the mass geometry of the rigid body itself, which
might be necessary for other reasons.

We note -that the sufficient stability conditions found do not include
terms related to the viscosity of the fluid; they merely limit the
selection of the mass geometry of the system,

The results obtained not only give the sufficient stability conditions,
but allow broader conclusions to be drawn, which are based on the theorem
of Zhukovskii [5].

Zhukovskii has shown that in the presence of a relative motion of the
fluid, the energy of the system is dissipated (this follows from (2.1)),
and, therefore, two possiblities can occur: either the energy of the
system will always decrease and the system will finally come to rest, or
the system will approach a pure rotation with constant angular velocity
around one of its principal axes of inertia as one single rigid body. The
first possibility is excluded because the area integral (1.13) exists.
Consequently, if the vector K; is unperturbed, then any perturbing motion
corresponding to this condition will asymptotically approach that
consideration in the problem. If, however, the vector K is disturbed,
then the disturbing motion approaches asymptotically a certain new steady
motion corresponding to the changed moment of momentum.

In conclusion the author wishes to thank V.V. Numiantsev for his
interest.
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